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(N ; Abstract 

We consider a family of conical hyperkahler 8-metrics and we find the corresponding 
tri-Sasaki 7-metrics. We find in particular, a 7-dimensional tri-Sasaki fibration over 
a quaternion Kahler limit of the Plebanski-Demianski (or AdS-Kerr-Newmann-Taub- 
Nut) metrics, and we consider several limits of its parameters. We also find an squashed 
version for these metrics, which are of weak G2 holonomy. Construction of supergravity 
backgrounds is briefly discussed, in particular examples which do not possess AdS^ near 
horizon limit. 
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1. An sketch of the idea 



O 

^ ■ The holographic principle [2] renewed the interest in constructing 5 and 7-dimensional Ein- 
~-«~. stein manifolds and in particular those admitting at least one conformal Killing spinor. The 
^3 I number of such spinors will be related to the number of supersymmetries of the dual confor- 
o 1 mal field theory. This leads to consider weak G2 holonomy spaces, Einstein-Sasaki spaces 
^ . and tri-Sasaki ones. This spaces corresponds to N = 1,2, 3 supersymmetries respectively. 

Several of such spaces have been constructed, for instance, in [12]-[21]. One of the recent 
achievements is the construction of Einstein-Sasaki spaces fibered over orthotoric Kahler- 
^ ■ Einstein spaces [19]- [20]. It was indeed noticed in [20] that this spaces can be obtained by 
taking certain scaling limit of the euclidean Plebanski-Demianski metrics. In particular, 
there were found toric Einstein-Sasaki 5-dimensional metrics defined over S 2 x 5 3 . 

The present work deals also with Einstein-Sasaki fibrations over the euclidean Plebanski- 
Demianski metric. But we will obtain a different type of metrics. Our metrics are 7- 
dimensional instead, and not only Einstein-Sasaki but tri-Sasaki. The idea behind our 
construction is indeed very simple. Our starting point are the Swann metrics [27], which 
are hyperkahler fibrations over quaternion Kahler metrics. Their generic form is 

9s = \q?9A + \dq + ujq\ 2 , 

being q certain quaternion coordinate and uj an imaginary quaternion valued 1-form asso- 
ciated to the quaternion Kahler metric 54. The metric 54 does not depend on q, thus under 
the transformation q —* Xq these metrics are scaled by a factor g s — ► X 2 g s - It means that 
they are conical, therefore they define family tri-Sasaki 7-metrics. We will consider as our 
base metrics 54 the euclidean Plebanski-Demianski (or the AdS-Kerr-Newman-Taub-Nut) 
metrics which, in some limiting case of the parameters, are quaternion Kahler [28]. We will 
extend them to Swann metrics and finally, we will find the 7-metric over which g% is a cone. 
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This will be a tri-Sasaki metric fibered over the euclidean Plebanski-Demianski 4-metric, 
which is what we were looking for. 

We also present an squashed version of these metrics, which are of weak Gi holonomy. In 
the last section we construct several 11-dimensional supergravity backgrounds, some of them 
with AdSi x X-j near horizon limit and some others without this property. We achieve this 
by finding a set of harmonic functions over the internal Ricci-fiat space (the Swann space) 
which depends not only on the radius, but also on other angular coordinates of the cone. 
The key ingredient in order to construct these functions is to identify the coordinate system 
for which the Swann metric takes the generalized Gibbons-Hawking form [14]. 



2. Tri-Sasaki fibrations over quaternion Kahler spaces 
2.1 Quaternion Kahler spaces in brief 

A quaternion Kahler space M is an euclidean 4n dimensional space with holonomy group 
T included into the Lie group Sp(n) x Sp(l) C SO(4n) [6] -[9]. This affirmation is non 
trivial if D > 4, but in D = 4 there is the well known isomorphism Sp(l) x Sp(l) ~ 
SU(2) L x SU(2) R ~ SO (4) and so to state that T C Sp(l) x Sp(l) is equivalent to state that 
r C SO (4). The last condition is trivially satisfied for any oriented space and gives almost 
no restrictions, therefore the definition of quaternion Kahler spaces should be modified in 
d = 4. 

Here we do a brief description of these spaces, more details can be found in the appendix 
and in the references therein. For any quaternion exists three automorphism J 1 (i = 1 ,2, 3) 
of the tangent space TM X at a given point x with multiplication rule J % ■ J- 7 = — Sij + eij k J k - 
The metric g q is quaternion hermitian with respect to this automorphism, that is 

g q (X,Y) =g(J l X,J i Y), (2.1) 

being X and Y arbitrary vector fields. The reduction of the holonomy to Sp(n) x Sp(l) 
implies that the J 1 satisfy the fundamental relation 

V x J l = e l]k J^ h _, (2.2) 

being Vx the Levi-Civita connection of M and uj % _ its Sp(l) part. As a consequence of 
hermiticity of g, the tensor f ah = {J l ) c a g c b is antisymmetric, and the associated 2-form 

J l =T ab e a Ae b 

satisfies 

df = e ijk y Ac/, (2.3) 

being d the usual exterior derivative. Corresponding to the Sp(l) connection we can define 
the 2-form 

F i = dJ_ + e ijk uj j _ A iJl . 
For any quaternion Kahler manifold it follows that 

Rl = 2nnf, (2.4) 
F i = kJ\ (2.5) 
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being A certain constant and k the scalar curvature. The tensor R°l is the Sp(l) part of the 
curvature. The last two conditions implies that g is Einstein with non zero cosmological 
constant, i.e, = 3n(g q )ij being R^ the Ricci tensor constructed from g q . The (0,4) and 
(2, 2) tensors 

9 = 7 1 A 7 1 + j 2 A j 2 + 7 3 A 7 3 , 

Z = J 1 ® J 1 + J 2 ® J 2 + J 3 ® J 3 

are globally defined and covariantly constant with respect to the usual Levi Civita connec- 
tion for any of these spaces. This implies in particular that any quaternion Kahler space is 
orientable. 

In four dimensions the Kahler triplet J2 and the one forms u°L are 
w t = w g - e abc Lo b c , Ji =e 1 Ae 2 -e 3 Ae 4 , 

J 2 = e 1 A e 3 - e 4 A e 2 7 3 = e 1 A e 4 - e 2 A e 3 . 

In this dimension quaternion Kahler spaces are defined by the conditions (2.5) and (2.4). 
This definition is equivalent to state that quaternion Kahler spaces are Einstein and with 
self-dual Weyl tensor. 

In the Ricci-flat limit k — > the holonomy of a quaternion Kahlers space is reduced to a 
subgroup of Sp(n) and the resulting spaces are hyperkahler. It follows from (2.5) and (2.2) 
that the almost complex structures Jj are covariantly constant in this case. Also, there exist 
a frame for which uj % _ goes to zero. In four dimensions this implies that the spin connection 
of this frame is self-dual. 

2.2 A general tri-Sasaki family 

As is well known, any hyperkahler conical metric define a tri-Sasaki metric by means of 
gs = dr 2 + r 2 gj. A well known family of conical hyperkahler metrics are the Swann metrics 
[27], this are 4n dimensional metrics but we will focus only in the case d = 8. The metrics 
reads 

98 = \u\ 2 9q + \du + tuj-\ 2 , (2.6) 

being g q any 4-dimensional quaternion Kahler metric. In the expression for the metric we 
have defined the quaternions 

u = no + u\I + U2 J + u^K, u = uq — u\I — U2J — U3K, 

and the quaternion one form 

w_ = uj 1 _I + uj 2 _J + uj 3 _K, 

constructed with the anti-self-dual spin connection. The multiplication rule for the quater- 
nions /, J and K is deduced from 

I 2 = J 2 = K 2 = -1, IJ = K, JI = -K 

The metric g q is assumed to be independent on the coordinates Ui. We easily see that if we 
scale no, ni,n2,n3 by t > this scales the metric by a homothety t, which means that the 



3 



metrics (2.6) are conical. Therefore they define a family of tri-Sasaki metrics, which we will 
find now. We first obtain, by defining U{ = Ui/u that 

\du + ulu-\ 2 = (duo — UiUJ l _) 2 + (dui + uqlo 1 _ + -^-u^_) 2 

ijk 



= (uodu + uduQ — uuiUJ l J) 2 + (uidu + udui + uuquj'l + u—^-ujuj^) 2 
= du 2 + u 2 (du - UiJj) 2 + u 2 (dui + uoivi + ^UjUJ k _) 2 

+2uuodu(duo — UiOJ % _) + 2uuidu(dui + uqoj 1 _ H — —UjU_). 
It is not difficult to see that the last two terms are equal to 

d(/U 2 } 6' 

2uuodu(duo — uiuj l _) + 2uuidu(dui + uqoj % __ + eijkUiUkUJ 3 _) = — ^ — h -^-u^XjuJt 

But the second term is product of a antisymmetric pseudotensor with a symmetric expres- 
sion, thus is zero, and the first term is zero due to the constraint uf = 1. Therefore this 
calculation shows that 

\du + uuj-\ 2 = du 2 + u 2 (du - unJj) 2 + u 2 (dui + uquj[_ + ^Ujuj k _) 2 . (2.7) 

By introducing (2.7) into (2.6) we find that gg is a cone over the following metric 

97 = 9 q + {du ~ UiJ_f + (dui + uqujI + ^u j to k _) 2 . (2.8) 

This is the tri-Sasaki metric we were looking for. By expanding the squares appearing in 
(2.8) we find that 

97 = 9q + {dui) 2 + {u) l J) 2 + 2uj^(u dui - uidu + u 2 du 3 - u 3 du 2 ) 

+2u! 2 _(uodv,2 — U2duo + U2,du\ — uidu^) + 2u} 3 _(uodus — usdv,Q + u\dv,2 — u 2 dui). (2.9) 

But the expression in parenthesis are a representation of the SU{2) Maurer-Cartan 1-forms, 
which are defined by 

o\ = — (u$dui — u\duQ + u 2 dv,3 — usdu 2 ) 

u 2 = — (u§du2 — U2duo + u 2 du\ — u\duz) 
CJ3 = — (uodus — u^duo + u\du 2 — U2du\). 
Therefore the metric (2.8) can be reexpressed in simple fashion as 

97 = 9 q + (ai-uj[_) 2 . (2.10) 

This is one of the expressions that we will use along this work. 

Let us recall that there exist a coordinate system for which the Maurer-Cartan forms 
are expressed as 

G\ = cos ipd9 + sin ip sin 9dr, 02 = — sin ipdQ + cos ip sin 9dr, 03 = dip + cos 8dr. 

(2.11) 
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With the help of this coordinates we will write (2.10) in more customary form for tri-Sasaki 
spaces, namely 

g 7 = (dr + Hf+ge, (2.12) 

as in (??). Here g§ a Kahler-Einstein metric with Kahler form J and H a 1-form such that 
dH = 2J. A lengthy algebraic calculation shows that the fiber metric is 

(<7j — uj 1 _) 2 = (dr + cos 9 dtp — sin 9 sin tpu l _ — cos 9 sin tpu?_ — cos^a/) 2 

+ (sin 9 dtp — cos 9 sin tpuj\ — cos 9 cos tpuj 2 _ + sin 9uj 3 _ ) 2 + (d9 — sin tpuj 2 _ cos tpuj 1 ) 2 , 
from where we read that 

H = cos 9dtp — sin sin t^u; 1 : — cos 9 sin i^u; 2 — cos 9lx)^_ . (2.13) 
The Kahler-Einstein six dimensional metric should be 

ge = (sin 9 dtp — cos 9 sin yjwi — cos 9 cos 92W 2 + sin 9uj 3 _) 2 + (c20 — sin poj 2 __ + cos puj^S) 2 + </ g . 

(2.14) 

Although we have given the formulas needed for our work, we consider instructive to give 
an alternative deduction. This is our next task. 

An alternative deduction of the tri-Sasaki metric (2.10) 

For any quaternion Kahler space M, a linear combination of the almost complex struc- 
tures of the form J = ViJi will be also an almost complex structure on M. Here v 1 denote 
three "scalar fields" v % = v t /v being v = V v i v % . This fields are supposed to be constant 
over M and are obviously constrained by v % v % = 1. This means that the bundle of almost 
complex structures over M is parameterized by points on the two sphere S 2 . This bundle 
is known as the twistor space Z of M. The space Z is endowed with the metric 

96 = 9i0i + g q , (2-15) 

where 9\ = div 1 ) + e lJ ' k uP_v k . The constraint v l v l = 1 implies that the metric (2.15) is six 
dimensional. It have been shown that this metric together with the sympletic two form [3], 
[5] 

J = -u i Ji + ^v i j A0 k , (2.16) 

constitute a Kahler structure. The calculation of the Ricci tensor of g$ shows that it is 
also Einstein, therefore the space Z is Kahler-Einstein. The expressions given below are 
written for a quaternion Kahler metric normalized such that At = 1, for other normalizations 
certain coefficients must be included in (2.16). By parameterizing the coordinates v,- L in the 
spherical form 

v\ = sin 9 sin <p, V2 = sm9costp, t>3 = cos6*, (2-17) 

we find that (2.15) is the same as (2.14). The isometry group of the Kahler-Einstein metrics 
is in general 50(3) x G, being G the isometry group of the quaternion Kahler basis which 
also preserve the forms uj 1 __. The 50(3) part is the one which preserve the condition vfii = 1. 
Globally the isometry group could be larger. 

From the definition of Einstein-Sassakian geometry, it follows directly that the seven 
dimensional metric 

g 7 = (dr + H) 2 + g 6 = (dr + H) 2 + 9A + g q , (2.18) 
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will be Einstein-Sassaki if dH = 2J, and we need to find an explicit expression for such 
H. Our aim is to show that this form is indeed (2.13). The expression (2.16) needs to 
be simplified as follows. We have that 9i = d(v l ) + e l ^ k uP_v k . Also by using the condition 
ViVi = 1 it is found that 

ViOi = Vidvi + e tjk v l LO j _v k = Vidvi = d(viVi) = 0. 

From the last equality it follows the orthogonality condition viOi = which is equivalent to 

(v 1 e 1 + v 2 e 2 ) 

#3 = ~ • 

The last relation implies that 



€ ijk~ Q . n 1 A6 2 dv 1 Adv 2 j — ■ . ^ i e J 

-r-ViOj A9 k = —z = dvi A uj_ + — 

2 J v 3 v 3 2 



By another side in a quaternion Kahler manifold with k = 1 we always have 

e ijk ■ 

Ji = dto l _ + — — ojL A lo_. 



Inserting the last two expressions into (2.16) gives a remarkably simple expression for J, 
namely 

-p ,/~ i , dv\ A dv 2 . 

J = -d(viu % _) + — — -. (2.19) 

^3 



By using (2.17) it is obtained that 

dv\ A dv 2 



= —dip A dcos9. 



V3 

With the help of the last expression we find that (2.19) can be rewritten as 

J = — d(yiUJ l _) — dip A dcos 9, 

from where it is obtained directly that the form H such that dH = J is [26] 

H = -viJ_ + cos 9dip, (2.20) 

up to a total differential term. By introducing (2.17) into (2.20) we find that H is the same 
than (2.13), as we wanted to show. 

It will be of importance for the purposes of the present work to state these results in a 
concise proposition. 

Proposition Let g q be a four dimensional Einstein space with self-dual Weyl tensor, i.e, 
a quaternion Kahler space. We assume the normalization k = 1 for g q . Then the metrics 

<76 = (sin 6 dip — cos 9 sin poj l _ — cos 9 cos poj 2 _ + sin 9uj 3 _) 2 + (d9 — sin pupL + cos pu)\.) 2 + g q , 

are Kahler- Einstein whilst 

97 = (o-i - o>l) 2 +g q , g 8 = dr 2 + r 2 g 7 
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are tri-Sassakian and hyperkahler respectively. Here uj 1 _ is the Sp(l) part of the spin connec- 
tion and Oi are the usual Maurer-Cartan one forms over 50(3). Moreover the "squashed" 
family 

97 = (o-j - ^-) 2 + 

is of weak G2 holonomy. 

We will consider the last sentence of this proposition in the next section. In order to 
finish this section we would like to describe a little more the Swann bundles. Under the 
transformation u — > Gu with G : M — ► SU(2) the SU(2) instanton oj- is gauge transformed 
as uj- — > G^-G^ 1 + GdG~ x . Therefore the form du + is transformed as 

du + Jiw_ d(Gu) + (Gkj-G" 1 + GdG~ 1 )Gu = Gdu + (dG + Gw_ - dG)u = G(du + uw_), 

and it is seen that du + uj-u is a well defined quaternion- valued one form over the chiral 
bundle. The metric (2.6) is also well defined over this bundle. Associated to the metric 
(2.6) there is a quaternion valued two form 

J = uJu + (du + uuj— ) A (du + uoj— ) , (2-21) 

and it can be checked that the metric (2.22) is hermitian with respect to any of the com- 
ponents of (2.21). Also 

dJ = du A (J + duj- — uj- A uj-)u + u A ( J + cL>_ — w_ A uj )du 

+u(dJ + uj- A doj- — duj- A oj_)u. 

The first two terms of the last expression are zero due to (2.5). Also by introducing (2.5) 
into the relation (2.3) it is seen that 

dJ + uj- A duj- — duj- A uj- = 0, 

and therefore the third term is also zero. This means that the metric (2.6) is hyperkahler 

with respect to the triplet J. The Swann metrics have been considered in several context 
in physics, as for instance in [37]-[40]. It is an important tool also in differential geometry 
because the quaternion Kahler quotient construction correspond to hyperkahler quotients 
on the Swann fibrations. 

2.3 The squashed version of the tri-Sasaki family 

In [4] there were probably constructed the first examples of Spin(7) holonomy metrics. 
These examples are fibered over four dimensional quaternion Kahler metrics defined over 
manifold M. This resembles the Swann metrics that we have presented in (2.6), although 
the Bryant- Salamon were found first. The anzatz for the Spin(7) is 

58 =g\u\ 2 g + f\du + uu-\ 2 , (2.22) 

where / and g are two unknown functions f'(r 2 ) and g(r 2 ) which will be determined by the 
requirement that the holonomy is in Spin(7), i.e, the closure of the associated 4-form $4. 
The analogy between the anzatz (2.22) and (2.6) is clear, in fact, if / = g = 1 the holonomy 
will be reduced to Sp(2). A convenient (but not unique) choice for $4 is the following 

$ = 3fg[a AaAe*Ae + e*AeAaAa]+ g 2 e l A e A e* A e + f 2 a A a A a A a (2.23) 
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where a = du + uuj_. After imposing the condition d<&^ = to (2.22) it is obtained a system 
of differential equations for / and g with solution 

1 

/ 



(2 K r 2 + c) 2 / 5 ' 
g= (2kx 2 + c) 3/5 , 

and the corresponding metric 

g s = (2Kr 2 + cf 5 g+ \ \a\ 2 . (2.24) 

Spaces defined by (2.24) are the Bryant- Salamon Spin(7) ones. The metrics (2.24) are non 
compact (because \u\ is not bounded), and asymptotically conical. They will be exactly 
conical only if c = 0. This is better seen by introducing spherical coordinates for u 

u\ = \u\ sin 6 cos ip cos r, 

U2 = \u\ sin 9 cos ip sin r, 

U3 = \u\ sin ^ sin 99, (2.25) 
U4 = \u\ cos 0, 

and defining the radial variable 

r 2 = A (2K | n |2 + c) 3/5 

from which we obtain the spherical form of the metric 

= ^573) + ^ (l - ^73) - ) 2 + ^ 5 (2.26) 
being <r l the left-invariant one-forms on SU (2) 

(Ji = cos </2d# + sin 99 sin 0c2t 
(72 = — sin ipdO + cos ip sin 0dr 

(73 = dip + COS 0C?T. 

In this case it is clearly seen that (2.26) are of cohomogeneity one and thus, by the results 
presented [10]-[11], they define a weak G2 holonomy metric. 

Let us fix the normalization n = 1, as before. Then in the limit r >> c it is found the 
behavior 

g^dr 2 + r 2 n, (2.27) 
being a seven dimensional metric asymptotically independent of the coordinate r, namely 

n = (a* -c/_) 2 + 5g q (2.28) 

In particular the subfamilies of (2.26) with c = are exactly conical and their angular 
part is (2.28). This seven dimensional metric is of weak G2 holonomy and possesses an 
SO (3) isometry action associated with the a 1 . If also the four dimensional quaternion 
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Kahler metric has an isometry group G that preserve the u> l _ , then the group is enlarged to 
SO(3) x G. 

This metric can also be obtained by introducing four new coordinates (r, 9, (p, <p) and 
using an anzatz of the form 

g = a 2 dr 2 + 1 (a t - Atf + 7 2 g, (2.29) 

being <jj the SU(2) left-invariant one forms. The unknown functions a, [3 and 7 are supposed 
only functions of r. By requiring d& = for the four- form constructed with 

e° = adr, e i = 0(ai - AJ, e a = 7 e a , (2.30) 

the metrics (2.26) will be obtained again. 

2.4 A test of the formulas 

It is extremely important to compare the weak G2 holonomy metrics (2.28) and the tri- 
Sasaki metrics (2.10). The only difference between the two metrics is a factor 5 in front of 
g q in (2.28). Both metrics possess the same isometry group. At first sight it sounds possible 
to absorb this factor 5 by a simple rescale of the coordinates and therefore to conclude that 
both metrics are the same. But this is not true. We are fixing the normalization k = 1 
in both cases, thus this factor should be absorbed only by an rescaling on the coordinates 
of the fiber. There is no such rescaling. Therefore, due to this factor 5, both metrics are 
different. This is what one expected, since they are metrics of different type. 

We can give an instructive example to understand why this is so. With this purpose in 
mind let us consider the Fubini-Study metric on CP (2). There exists a coordinate system 
for which the metric take the form 

gf = 2dfi 2 + — sin 2 fia 2 + — sin 2 \i cos 2 fi(a 2 + a 2 ). (2.31) 

We have denoted the Maurer-Cartan one-forms of this expression as G{ in order to not 
confuse them with the o\ appearing in (2.28) and (2.10). The anti-self-dual part of the spin 
connection is 

uj\_ = — cos /i(7i , uo 2 _ = cos/i<72, oj'L = — - (1 + cos f£)a^ . (2.32) 
The two metrics that we obtain by use of (2.28) and (2.10) are 

g 7 = 2b dfi 2 + - sin 2 /xaf + b - sin 2 fx cos 2 /i(<7 2 + b of) (2.33) 

+(oi + cos/i(Ji) 2 + ((72 - cos Lia 2 ) 2 + (<7 3 + -(1 + COS/ti)^) 2 . 

If (2.28) and (2.10) are correct, then 6 = 1 corresponds to a tri-Sasaki metric and b = 5 to 
a weak G2 holonomy one. This is true. Locally this metrics are the same that N(l, 1)/ and 
N(l, l)/ 1 given in [42], which are known to be tri-Sasaki and weak G 2 - We see therefore that 
this number five in front of the quaternion Kahler metric is relevant and change topological 
properties of the metric (such as the number of conformal Killing spinors). In other words, 
we will construct in this work an infinite doublet of 7-dimensional metrics, one with one 
conformal Killing spinor and other with three. 
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3. Explicit tri-Sasaki metrics over manifolds and orbifolds 

3.1 Quaternion Kahler limit of AdS-Kerr-Newman-Taub-Nut 

In this subsection we will describe certain toric quaternion Kahler orbifolds which are ob- 
tained by a Wick rotation of the Plebanski and Demianski solution [28]. In fact, these 
spaces has been discussed in detail in [29]- [34]. The distance element is 

9q = ?-—^dx 2 + ^-^dy 2 + -^^(da + y 2 df3) 2 + -^-^{da + x 2 d(3) 2 (3.34) 
i x y x y 

being P(x) and Q(y) polynomials of the form 

p(x) = q-2sx-tx 2 - kx 4 , Q(y) = -P(y), 

being (q, s, t, k) four parameters. These expressions can be rewriten as 

P[x) = -k(x - ri)(x - r 2 )(x - r 3 )(x - r 4 ), Q(y) = -P(y), 
H + r 2 + r 3 + r 4 = 0, 

the last condition comes from the fact that P(x) contains no cubic powers of x. The two 
commuting Killing vectors are d a and dp. 

The metric (3.34) is invariant under the transformation x <-> y. The transformations 
x — ► —x, y — ► —y, Ti — > — Vi are also a symmetry of the metric. In addition the symmetry 
(x,y,a,(3) — > (Ax, Ay, j , ^), — > Arj can be used in order to put one parameter equal 
to one, so there are only three effective parameters here. The domains of definition are 
determined by 

(x 2 - y 2 )P{x) > 0, {x 2 - y 2 )Q{y) > 0. 
The anti-self-dual part of the spin connection is 

= ^-dP, = -J— (Mdx + *fldy) , 

y-x x-y\\ P y Q ) 

uj 2 _ = —k(x — y)da H ( q — s(x + y) — txy — Kx 2 y 2 )d(5, (3.35) 

•'• // V J 

(see for instance [32]). We will need (3.35) in the following. These solutions are the self- 
dual limit of the AdS-Kerr-Newmann-Taub-Nut solutions, the last one corresponds to the 
polynomials 

P(x) = q — 2sx — tx 2 — kx 4 , Q(y) = — q + 2s' x + tx 2 + kx 4 , 

and are always Einstein, but self-dual if and only if s' = s. We will concerned with this 
limit in the following, because is the one which is quaternion Kahler. If we define the new 
coordinates 

y = r, x = a cos 6 + N, 

,N 2 > „ 4> 

a = t + ( +a)£, (3 = --^, 

a c ar, 

where we have introduced the parameters 

Z = l-Ka 2 , q = -a 2 + N 2 (l-3Ka 2 + 3kN 2 ), 
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s = N(l - na 2 + 4N 2 ), t = -1 - na 2 - 6/dV 2 , 
then the functions P and Q are expressed as 

P = -a 2 sin 2 9[1 - k{AclN cos0 + a 2 cos 2 9)], 

Q = -7 2 - N 2 + 2s'7 + a 2 + n(r 4 - a 2 ? 2 - 6^N 2 + 3a 2 N 2 - 3iV 4 ), 
and the metric take the AdS-Kerr-Newman-Taub-Nut form 

R 2 ~ 2 R 2 , 2 A 2 ~ .asin 2 ^ 2JVcos0. ~ l2 

9q = i 71 — 22TTlv — m + A 2 "* + i? 2 "^ + ( ~ — )#] 2 

1 — K{a 2 cos 2 + 4aN cos 0) A it ^ ^ 

sin 2 0[1 - k(o 2 cos 2 + 4aiVcos^)l . ~ r 2 - a 2 - N 2 ~ l2 
+ ^ -[adt dcP} 2 , (3.36) 

being R and A defined by 

R = 7 2 - (acosO + N) 2 , 

X = r 2 + N 2 - 2s' r - a 2 - K (f 4 - a 2 ? 2 - 6^N 2 + 3a 2 iV 2 - 3A^ 4 ). 

Notice that the self-dual limit corresponds to the choice s' = N(l — na 2 + 4aiV 2 ) in all the 
expressions. The parameter k is the scalar curvature of the metric and we fix n = 1, as we 
did previously. 

These metrics have interesting limits. For a = and N different from zero becomes the 
AdS Taub-Nut solution with local metric 

9q = V(r)(dt - 2N cos Odcj)) 2 + + (F 2 - N 2 )(d0 2 + sin 2 9 dfi 2 ), (3.37) 
being Vir) given by 



V(r) = ± = ~2~^2 {r' + N 2 - (r 4 - 6N 2 ? 2 - 3iV 4 ) - 2s'7j . 



This metric has been considered in different context [29]- [34]. The parameter s' is a mass 
parameter and N is a nut charge. Both parameters are not independent in the quaternion 
Kahler limit, in fact the self-duality condition s' = s relates them as s' = N(l + AN 2 ). If the 
mass were arbitrary then the metric will possess a "bolt", but in this case the metric will 
possess a "nut", that is, a zero dimensional regular fixed point set. The isometry group of 
this metric is enhanced from U(l) x U(l) to SU{2) x U{1) in this limit. The anti self-dual 
part of the spin connection reads 

wi = -y/(r + N)V(r) sin0#, lo! = V \r + N)V{r)d9, 

uj 2 _ = (r- N)dt + g(7) cos 9d<i>, (3.38) 

being g(r) defined by 

'N 2 (7- N) + N(1 + AN 2 ) + (1 + 6N 2 )?- 2N7 2 \ 



g(r) 



N J' 



By taking the further limit N = 0, that is, but switching off the mass and the charge, we 
obtain after introducing the new radius r = sin p the following distance element 



9q = cos 2 pdt 2 + dp 2 + sin 2 p(d9' z + sin 2 9d(j) 2 
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The anti-self-dual spin connection takes the simple form 



uj 1 _ = cos p sin Qd(f), uj 2 _ = sin pdt + cos 9d<j), a; 3 . = cos pd6, 

and it follows that we have obtained the metric of the sphere S* 4 = SO(b)/SO(4). If we 
would choose negative scalar curvature instead, this limit would correspond to the non com- 
pact space 50(4, l)/SO(4). Both cases are maximally symmetric and for this reason this 
is called the AdS± limit of the AdS-Taub-Nut solution. The only known quaternion kahler 
manifolds in 4-dimensions are the S 4 and CP (2). The CP (2) manifold limit is obtained by 
defining the new coordinates r = N(r — N) and t = 2N^ and taking the limit N — > oo. The 
result, after defining p = f 2 /4(l + r 2 ), is the metric 

32 2dp 2 o 2 ~ 

9q = 2(1 + ^)2 ^ " C ° S + (1 + ^2)2 + 2 (l + p2 )2 (^ 2 + sin2 ( 3 - 39 ) 

By noticing that 03 = d£ — cos 9d<p and that a 2 + a 2 = dd 2 + sin 2 0dcf> 2 we recognize from 
(3.39) the Bianchi IX form for the Fubbini-Study metric on CP(2)=SI/(3)/ST/(2). Instead, 
if we put N = in (3.40), the result will be the AdS-Kerr euclidean solution in Boyer- 
Linquidst coordinates, namely 

r 2 - a 2 cos 8 2 ~ 9 r 2 — a 2 cos9 2 (r 2 — a 2 )(l — f 2 ) . ~ a sin 2 6* ,~ 9 . , . 

1 — orcos^ l r -a - r j — cos 6^ ^ 

sin 2 0(1 - a 2 cos 2 0) . ~ r 2 - a 2 ~ 9 

+ i «r-^( adi — # ) 2 . 

f 2 — a 2 cos 2 1=1 

The anti-self-dual connection of_ is in this case 



r — a cos 1 



uol = =J (1 - a 2 cos 2 )(?2 - a 2 )(l - r 2 )^ 



2 ,~ K ,~ 1 0) ,T 

= (r — a cos 0)ai + 33 - — — — a0, 

r — a cos 6* ^ 



3 1 f (r 2 -ai(l-r 2 ) ~ \ 1 - a 2 cos 2 ~ \ . . 

where we have defined the function 

W(r,0) = [(r - a cos 0) 2 - a + (1 + a 2 )f cos 0- ar 2 cos 2 0]. (3.42) 

The parameter a is usually called rotational parameter, although we have no the notion of 
rotational black hole in euclidean signature. The mass parameter s and the nut charge are 
zero in this case. 



3.2 Tri-Sassaki and weak G 2 over AdS-Kerr and AdS-Taub-Nut 

We are now in position to find new compact tri-Sasaki and weak G2 holonomy metrics. The 
main ingredient in this construction is the proposition 1, applied to limiting cases of the 
euclidean Plebanski-Demianski solution (3.40). Let us turn our attention to this task. 



12 



The AdS-Taub-Nut case 



It is direct, by using proposition 1 and the lifting formula (2.28), to work out tri-Sassaki 
and weak G2 holonomy metrics fibered over the AdS-Taub-Nut metrics (3.37), the result is 

g 7 = (y/(r + N)V(r) sm6d(f) + ai) 2 + ^(f - N)dt + g(r) cos 6 'd(f> - a 2 ^j 



+ { v / l?TN)vW)dO-a 3 ) 2 +b I V(7)(dt-2N cosOdcpf + y^ + i? 2 -N 2 ){d6 2 +sm 

Although the base quaternion Kahler space possess SU(2) x U(l) isometry, this group does 
not preserve the fibers, so the isometry group is SU(2) x U(l) 2 , being the SU{2) group 
related to the Maurer-Cartan forms of the fiber metric and U(\) 2 generated by c\ and d^. 
Let us notice that we have a third commuting Killing vector, which is the Reeb vector d T , 
which is present in the expression for the Maurer-Cartan forms dj. Therefore we have a T 3 
subgroup of isometries. By taking into account the explicit form of the ct^s given in (2.11) 
we obtain the following metric components 

g ~= (f - N) 2 + bV(r), g^ = 4bN 2 V(r)cos 2 9 + ^ 2 - N 2 )sm 2 9 

g ~=b(j2 - N 2 ) + (r + N)V(r), g^=^^, g TT = g w = gee = 1 

g^ = —2NbV(r) cos 6 + (r — N)g(r) cos 9, gj T = — (r — N) cos 99 sin 9 

g~r = y / {r + N)V(r) sin 9 sin 9 sin 99 + g(r) cos 9 sin 9 cos 99 (3.43) 



g^ e = yjr + N)V(r) sin 9 cos 99 + g(r) cos 9 sin 99 

g ?T = -V(r + N)V(¥)cos9, g^ = - V(r + N)V(r) 

g-jrg = — (r — N) sin 99 sin 6*, <7 T(p = cos 9, 

the remaining components are all zero. The parameter b take the values 1 or 5, b = 1 
corresponds to an Einstein-Sassaki metric, while 6 = 5 corresponds to a weak G2 holonomy 
metric. 

The AdS-Kerr-Newmann case 

For the rotating case, that is, for the AdS-Kerr-Newman metrics (3.40) we obtain the 
metrics 



* = I > ,W *^ *£#- n )' + Ur,M + a ) (3.44) 



e(r,9) =■ / V Ee(r,9) 



l V f{G) e(r,6) V c(r)d(r) e (f, 9) J T 2 - a 2 cos 2 9 = 

b c(r)d(r) , ~ asm 2 9 ~, 9 r 2 -a 2 cos9 2 r ~ 9 r 2 — a 2 cos# 2 
H ~ ( (it H — # ) 2 H = 6 dlT H — 6 <ir 2 , 



^-^cosfl 2 = /(0) c(r)d(r 
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where we have introduced the functions 

/(g) = 1 — a 2 cos 2 9, c(r)=r 2 — a 2 , d(r) = 1 — r 2 e(f, 9) = r — acos9. 

The local isometry is SU{2) x ^(l) 2 and as before, the vectors d^, d^. and d T generate a 
T 3 isometry subgroup. From expression (3.44) we read the following components 

bc(r)d(r) 2 b f{9) sin 2 9 2 ~ 

g^= —+a - + e (r,9) 

r 2 — a 2 cos 9 2 r 2 — a 2 cos 2 9 

bc(7)d(7) q 2 sin 4 g | b f{9) sin 2 9 c 2 (f) | W 2 {7,9) | /(g)c(f)rf(f) sin 2 



00 p2_ a 2 cos ^2 - 2 f2 _ a 2 cog 2 $ ~ 2 e 2 (r,g) e 2 (r,g) ^ 2 

r 2 -a 2 cos9 2 , 1 c(r)d(r) r 2 -a 2 cos9 2 r f(9) a 2 sin 2 1 
77^ & + Y,~ % ^= 77^7^ b + 



f(9) e 2 (r,9) f(9) ' " ~ c{r)d{r) c(r)d(r) e 2 (r,9) ' 



a sing / /(g) a sing if {9) cos g a sing cos 9 

9 ™ = ~^jy ^ Vc(f)d(f) e( f,e) ^ = V c (r)d(r) e(f, g) 

fec(r)d(r) asin 2 g 5 /(g) sin 2 g c(r) VF(f, g) 
r 2 — a 2 cos g 2 s r 2 — a 2 cos 2 9 ^ ^ 

5rr = 5 W = gee = l, 9t T = _e (^ cos sin # 

sing W(r, g) . ,„ 
gr=—- —= ^— sing sin — sm^cosi^ (3.45) 

e(r,g) He(r,g) 

sing 

% = ^7T2vSin^+ —j ^cosy? 

r,e(r,g) e(r,g) — 



'c(r)d(r) cosg c(r)d(r) 1 



V /(*) e M) v V /(*) e (^) 

5*0 = _e (^' 0) Sil1 ¥>' St V = COS g 

and the other components are zero. 
The manifold limit 

We saw that the S 4 and CP(2) metrics are limits of (3.37). By taking these limits, a 
doublet of tri-Sasaki and weak G2 metric fibered over these manifolds arise from (3.43). For 
S 4 the result is the following metric 

g-j = (sin pdt + cos 9d(f> + sin (pd9 — cos 92 sin 9dr) 2 + (cos pd9 — dip — cos 9dr) 2 

+ (cos p sin 9 d(f>— cos tpd9— sin ip sin 9dr) 2 +b cos 2 prfP+ftd/^+fesin 2 p( tig 2 +sin 2 9d(f> 2 ). (3.46) 

The expression for the tri-Sasaki 7-metrics fibered over CP(2) was already given in (2.33), 
it is well known and have been considered already, so we will not discuss it again. 
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3.3 AdS and non AdS backgrounds from harmonic functions 



In the context of the AdS /C FT correspondence [l]-[2] there is of interest to construct eleven 
dimensional supergravity backgrounds of the form 

g u = H- 2 ^(-dt 2 + dx 2 + dy 2 ) + H 1 / 3 ^ 2 + r 2 g 7 ), (3.47) 

F = ±dx A dy A dt A dH' 1 

where the conical metric gs = dr 2 + r 2 g 7 is Ricci flat and H is an harmonic function over 
the space M§ where gs is defined. Usually one consider radial harmonic functions given by 

2 5 7T 2 iV/6 

*(r) = l + — p-*. 

This solution describe N M2 branes. The near horizon limit of this geometry is obtained 
taking the 11 dimensional Planck length l p — > and keeping fixed U = r 2 /I 3 The resulting 
background is AdS 4 x X 7 , being X 7 is an Einstein manifold with cosmological constant 
A = 5, and the radius of AdS^ is 2Ra<is = I p (2 5 tt 2 N) 1 ^ 6 . Such solutions have the generic 
form 

5ii = 9AdS + 97, Fa ~ ^Ads, (3.48) 

being ujAdS the volume form of AdS^. This backgrounds are in general associated to three 
dimensional conformal field theories arising as the infrared limit of the world volume theory 
of N coincident M2 branes located a the singularity of M3 x X%. Also in this case, the 
number of supersymmetries of the field theory is determined by the holonomy of X%. In 
the case of Spin(7), SU(4) or Sp(2) holonomies we have A" = 1,2,3 supersymmetries, 
respectively. This implies that the 7-dimensional cone will be of weak G2 holonomy (if 
the eight dimensional metric is of cohomogenity one, see below), tri-Sassaki or a Sassaki- 
Einstein, respectively. If gs is flat, then we have the maximal number of supersymmetries, 
namely eight. 

Non AdSi backgrounds are also of interest because they give rise to non conformal field 
theory duals. Therefore it is of interest to find harmonic functions which are functions not 
only of the radius r, but also of other coordinates of the internal space. We will now give 
here a simple way to construct non trivial harmonic functions over the Swann hyperkahler 
metrics that we have presented. 

First let us notice that all the 4-dimensional quaternion Kahler orbifolds we have con- 
sidered possess two commuting Killing vectors, namely and d^, which also preserve the 

one forms uj % _ also. Thus these vectors also preserve the Kahler triplet dJ = dw- +c<j_ Aw_. 
Consequently they preserve the hyperkahler triplet (2.21) for the corresponding Swann fibra- 
tion. Such vectors are therefore Killing and tri-holomorphic (thus tri-hamiltonian) vectors 
of gs- For any eight dimensional hyperkahler metric with two commuting tri-holomorphic 
Killing vectors there exist a coordinate system in which it takes the form [14] 

gs = Uijdx 1 • dx j + U ij {dU + A^dtj + Aj), (3.49) 

being (Uij,Ai) solutions of the generalized monopole equation 

V xi U j = V x{ U h (3.50) 
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U i = {U il ,U i2 ), 

The hyperkahler form corresponding to (3.49) is [14] 

J k = (dti + Ai)dx\, - Uij(dx l A dx j ) k , 

From the last expression it follows that the coordinates dx\ are defined by means of the 
relation 

dxl = i dl J k , dx\ = i d2 J k . (3.51) 

The coordinates (xj,x 2 ) defined by (3.51) are known as the momentum maps of the isome- 
tries d\ and d 2 ■ Thus, the generic Gibbons-Hawking form is obtained by going to the 
momentum map system. 

In the momentum map system the 11-dimensional supergravity solution reads 

511 = H- 2 / 3 g 2A + HWpijdx* ■ dx j + XT' {dti + Ai)(dtj + Aj)], (3.52) 

F = ±lu(E 2 ' 1 ) A dH l , (3.53) 
and the harmonic condition on H is expressed as 

U ij di ■ djH = 0. 

Let us recall that, as a consequence of (3.50), we have that di ■ djUij = 0, which implies 
that U^di ■ djUij = 0. This means that any entry Uij is an harmonic function over the 
hyperkahler cone. The matrix is determined by the relation C/ u = gs (di ,dj), and the 
inverse matrix Uij will give us three independent non trivial harmonic functions for the 
internal space in consideration. This give a way to find harmonic functions which are not 
only radial, but depends on other coordinates of the cone. 

As an example we can consider the cone gs = dv? + v?g-j being g-j the tri-Sasaki metric 
corresponding to the AdS-Kerr-Newmann solution (3.43). For this cone we have that 

[/« = u 2 (r - N) 2 + u 2 V(7), U** = 4N 2 u 2 V(r) cos 2 9 + (F 2 - N 2 )u 2 sin 2 9 

U% = -2Nu 2 V(7) cos9 + u 2 (? - N)g(r) cos 6. (3.54) 
By defining A = U U U^ — (U 1 ^) 2 we obtain the following harmonic functions 

[7—^5 J!—-?*- XJ~~- V — (3 55) 

For the AdS-Kerr-Newman case (3.45) we have 

TT rr 9 c(r)d(r) 9 9 f (9) sin 2 9 9 9 ~ 
U tt = u 2 — 1 ~ + a 2 u 2 ^--t ^ + u 2 e 2 (r, 9) 

r 2 — a 2 cos 9 2 r 2 — a 2 cos 2 9 

TT &_ 2 <r)d(r) a 2 sin 4 9 2 f(0) sin 2 9 c 2 (r) , 2 W 2 (r,9) 2 f{9)c(r)d(r) sin 2 9 

U — 11 , ,2 \U ~ , — ^ \U> ^ — - ill — - , — ,2 

f 2 — a 2 cos9 2 " r 2 — a 2 cos 2 ^ H 2 e 2 (r,6*) e 2 (r,9) " 

^ = u2 c(r)d(?)^ asin 2 g + ^ 2 /(g) sin 2 ^ c(f) + ^ W^jj) 
f 2 — a 2 cos 9 2 " r 2 — a 2 cos 2 s ^ 
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and again, the three functions U 13 /A are harmonic functions over the internal hyperkahler 
space. Notice that A ~ r 4 and therefore all these harmonic functions depends on r as l/« 2 . 
In the S 4 manifold limit we obtain 



u<2 V sin 2 9 + sin 2 p cos 2 9 — sin 4 p cos 2 



L t_. _ - i _ sin 2 9 -\- sin 2 ^? cos 2 9 
4,1 u 2 Vsin 2 + sin 2 pcos 2 0-sin 4 pcos 2 0, 



u 



1 / sin 2 p cos ( 



tt u 2 V sin 2 9 + sin 2 p cos 2 9 — sin 4 p cos 2 6> 

These harmonic functions provide non AdS^ horizon limits. 

We have constructed the harmonic functions we were looking for, but it will be instruc- 
tive to cast our Swann fibrations into the Gibbons-Hawking form (3.49). We will do this 
for the cone gs = du 2 + u 2 gi, being gj the tri-Sasaki fibration corresponding to the AdS- 
Taub-Nut space, which was given in (3.43). Let us recall that once the matrix U tJ (and its 
inverse Uij) together with the one forms Ai and the momentum map system x % are found, 
the procedure is finished. The matrix U %3 and its inverse were found already in (3.54) and 
(3.55). Let us turn to the task to find the momentum map system. From the expression of 
the Kahler form (2.21) we see that the hyperkahler triplet is given in quaternionic form by 



J = uJu + (du + ulo-) A (du + ulo-), 

being the components of the pure quaternionic one form uj- given by (3.38) and the com- 
ponents of the hyperkahler triplet J given by 

Jj = -e 1 A e 2 + e 3 A e 4 , 

Ji = e 1 Ae 3 -e 4 Ae 2 , (3.57) 
J i = e 1 A e 4 - e 2 A e 3 , 
where the soldering forms e 1 for AdS-Taub-Nut metric are 

e 1 = -^=, e 2 = -y/r*-N 2 & 

VW) 

e 3 = y/V(r)(dt - 2N cos 0d$) , e 4 = - ^T 2 - N 2 sin 0d$. 

We need to find the solution of the system (3.51) being t\ = t and ti = <f>. For an arbitrary 
vector field X we have that 

ixl = u(J(X) +w-{X)u- - u-OJ-(X))u + uw-(X)du + duuj-(X)u. (3.58) 

By applying the contraction formula (3.58) with X = c^-or X = and taking into account 

the expressions (3.38) and (3.57) we will obtain a complicated expression for dx l and dx^ . 
After a lengthy calculation it is found a compact expression for the momentum maps, which 
in quaternion form reads 



x 



1 — u [ (r — N) J }u, x 2 = u [ g(r) cos 9 + y/(r + N)V(r) sin 0K]Ju. (3.59) 
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We can express (3.59) in pure angular fashion by parameterizing u as in (2.25). 
The next step is to find the one forms Ai, which are determined by 



Ai = Uij 9s(t-,-)- 



(3.60) 



The only quantity to calculate in (3.60) is gsi-^j, ■)> the matrix Uij is defined by (3.55) and 
(3.54). The result is finally 



We have calculated all the relevant quantities and the procedure is finished. 

4. Discussion 

We have found a family of tri-Sasaki metrics fibered over the an euclidean quaternion Kahler 
version of the Plebanski-Demianski metrics. There exist in the literature examples of 5- 
dimensional Einstein-Sasaki spaces related to the Plebanski-Demianski metrics [19]- [22], but 
the metrics that we are presenting are different, they are indeed 7-dimensional. We have 
also presented an squashed version with weak G2 holonomy. We have considered different 
limits of the quaternion kahler basis, which in the general case are orbifolds, but in certain 
limiting cases reduce to CP (2) or S 4 , the two compact quaternion Kahler spaces which 
are manifolds. We have also extended our solutions to certain 11-dimensional supergravity 
backgrounds, some with AdS± near horizon limit and others that not. 

We would like to remark that the examples that we have presented here are compact with 
T 3 isometry and therefore are suitable for applications related to marginal deformations of 
field theories [41]. This will be part of a forthcoming paper. 
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